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Abstract—Turbulent heat transfer in a pipe rotating around a parallel axis with large angular velocity
is studied theoretically by assuming an effective secondary flow due to density difference in a centrifugal
field. Flow and temperature fields, fully developed under the condition of constant wall temperature
gradient, are analyzed by dividing them into a flow core region and a thin boundary layer along the wall.
The analysis consists of two parts in this paper. One is common to different secondary flow problems,
and the other in which the body force terms appear explicitly is particular for the present problem. The
formulae for the resistance coefficient 4 and the Nusselt number Nu are obtained in terms of Re and I
(Re = Reynolds number, I' = inertia force/body force). It is shown that the increases in the values of 4
and Nu due to secondary flow can be expressed in terms of the parameter Re/I™? (m = 1 for laminar flow,
m = 4 or S for turbulent flow) which is found to be a general parameter for various secondary flow problems.

The effect of Cariolis force due to secondary flow is shown to be negligibly small.

NOMENCLATURE
w, at the pipe axis;
g, at the pipe axis;
radius of the pipe;
= —(dP/0z);
specific heat of fluid at constant
pressure ;
dimensionless velocity of the second-
ary flow in the flow core;
=T, - T,
Grashof number,
= Rw?y(ta)(2a)*/v?;
= G/1a;
= (T, — T,)/ra;
= 2a%w/v;
thermal conductivity of fluid;
{Coriolis force due to secondary
flow)/(body force);
constant defined by equation (15) or
equation (23);

1

Nu,

185

Nusselt number,

= [2ame/k(Tw - Tm)],
Nu with no secondary flow;
constant defined by equation (26);
= (a*/V*)p/p);
Prandtl number, = pc,v/k;
pressure;;
heat flux in the fluid;
heat flux at the wall;
= Q,/kt;
= Qy/krt;
= Q,/kt;
radius of rotation of the pipe axis;
Rayleigh number, = GrPr;
Reynolds number, = 2aW,,/v;
radial co-ordinate in a cross section;
temperature,
mixed mean fluid temperature ;
wall temperature ;
radial component of velocity;
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u, = Ua/y;

V, circumferential  component  of
velocity ;

v, = Va/v;

v*2, circumferential component of #*2;

W, axial component of velocity ;

W, = Wajv,

w,. mean velocity;

w*2 axial component of #*?;

W, resultant velocity formed by v and #;

w2 = (@A),

X, body force;

Z, axial co-ordinate;

z, = Zla.

Greek symbols

o, proportional coefficient in the
formula for 4,, equation (15);

%, proportional coefficient in the
formula for 4, equation (71);

B, proportional coefficient in the
formula for Nu,, equation (23);

T, (inertia force)/(body force);

s coefficient of volumetric expansion
of fluid ;

4, =y -y

4., coefficient of the correction term
(subscript x denotes the correction
term for the quantity x);

0, dimensionless thickness of the
boundary layer;

- correction coefficient due to Coriolis
force;

1, = r/a;

K, exponent of Pr in the formula for
Nug, equation (23);

A, resistance coeflicient,

= [(—3p/dZ)2a/k pW2)]:

Ao A with no secondary flow;

v, kinematic viscosity;

¢, =1-n

i density;

T, temperature gradient along the pipe
axis;

Tos shear stress at the wall;

dimensionless shear stresses in the

direction of the pipe axis:

¥, angular co-ordinate in a cross sec-
tion whose original line (y = 0) lies
on a secondary flow streamline
passing through the center of a
cross section;

W' angular co-ordinate in a cross sec-

tion, the extension of whose original

line (¢ =0) passes through the

center of a cross section and the

center of rotation;

szp Tz)p’

, angular velocity of the pipe.
Subscripts

0, value obtained by neglecting the
Coriolis force in Section 2.6

1, value in the flow core region ;

4, J and Nu calculated by putting
m=4;

5, 4 and Nu calculated by putting
m=135;

£ value at the position where v in
the boundary layer becomes maxi-
mum;

m, mean value around the periphery
(f = —n ~ ) or on a semi-circle
Y = 0 ~ 7 (section 2.3);

4, value at £ = o

INTRODUCTION

In A pIPE rapidly rotating around a parallel axis,
a fluid is subjected to a centrifugal force much
larger than the natural gravity. The difference
in density of the fluid due to the temperature
distribution in the flow causes a secondary flow
which increases remarkably the flow resistance
and the heat-transfer rate. In the cooling
passages in rotating hot parts of various engines
and machines, we see the heat-transfer problem
discussed in this paper.

Especially, recent requirements for high per-
formance jet engines, gas turbines and electric
generators demand designers to employ effective
cooling technique in order to save the significant
loss of material strength in high temperature
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environments. Since high temperature in rotat-
ing material has a great influence on material
strength and life, it is very desirable to evaluate
heat-transfer coefficients in the cooling passages
with some accuracy.

In spite of the practical importance of the
problem, the available data are insufficient for
design purposes. The experimental work was
done by Humphrey et al. [1] in the entrance
region where air was introduced from the
rotating axis through a passage formed by a
radial rotating pipe and a bend. However, the
results obtained were under the complicated
effects of the different factors, and fail to give
a correlation function. Morris [2] made a
theoretical study for a fully developed laminar
flow using a perturbation method. His results
are confined to a small Reynolds number and
low rotational speed region, since the secondary
flow is assumed to be very small.

Mori and Nakayama [3] made an analytical
study in fully developed laminar region assum-
ing that the effect of secondary flow is pre-
dominant in the pipe except in a thin layer along
the wall. The thin layer next to the wall is
called the boundary layer in the sense that the
boundary-layer approximation can be applied
in this region, while the central part is called
the flow core. The results are obtained for the
practically important region of large Reynolds
numbers and high rotational speeds. The in-
crease in the flow resistance and that in the
Nusselt number are shown in terms of RaRe,
where Ra is the Rayleigh number based on the
centrifugal acceleration and Re is the Reynolds
number. In addition, the effect of Coriolis
force due to secondary flow, though it is small,
is discussed, and the correction coefficients
taking this effect into account are given.

In the present paper, turbulent heat transfer
in a rotating pipe is studied theoretically
assuming that the effect of secondary flow is
sufficiently large. The flow and temperature
fields are fully developed under the condition
of constant wall temperature gradient, and
analyzed by dividing them into the flow core
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and the boundary layer. The analysis is done
following the method of analysis for turbulent
heat transfer in curved pipes done by Mori and
Nakayama [4]. The analysis consists of the part
to be applied commonly to various secondary
flow problems and the one which is particular
in the present problem. The change in density
of the fluid is taken into account only in the
terms of centrifugal force in the momentum
equations, and other physical properties are
regarded as constant. The fluids discussed
here have Prandtl numbers of about unity
and greater than unity.

1. THE ANALYSIS BY THE
BOUNDARY-LAYER APPROXIMATION

1.1. Fundamental equations

It is pointed out in the first report on laminar
flow [ 3] that, in most practical cases, a sufficiently
large secondary flow distorts the velocity and
temperature distributions in a pipe remarkably
from the symmetrical profiles. The velocity and

Z

FiG. 1. System of co-ordinates.
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temperature distributions observed in turbulent
flow in the curved pipes [4] also imply the
significant effect of secondary flow. A similar
effect can reasonably be expected in turbulent
flow where intense secondary flow is caused by
the different body forces.

In Fig. 1, the body force X is applied in the
direction indicated by the arrow. When a
secondary flow is large, velocity and tempera-
ture change gradually in a pipe except in a
boundary layer next to the wall where they
change steeply from the values at a flow core
to those at the pipe wall. The axial velocity
distribution (w} is shown in Fig. 1. This feature
of velocity and temperature profiles may be
explained by the predominant role of the shear
stress and the heat flux due to secondary flow
in the flow core region. The secondary flow is
assumed to be uniform in the flow core region
by considering that the pressure gradient in
a cross section keeps balance with the body
force. The assumed secondary flow streamlines
are also shown in Fig. 1. Since the flow is fully
developed, the boundary-layer thickness is
invariable in the direction of pipe axis.

We use the cylindrical co-ordinates (r, ¥, Z)
putting the line y = 0 on the secondary flow
streamline passing through the center of a
cross section. All quantities are denoted by the
time-average values of turbulent flow. The
velocity components in the direction of r, ¥
and Z are U, V and W respectively, and these
are made dimensionless by the radius of the
pipe a and the kinematic viscosity v as follows:

u= Ualv, v = Vay/v, w = Wa/v.

The dimensionless co-ordinates are defined as
n = r/a, z = Z/a. The dimensionless pressure
P is P = (a*/v){p/p), where p is density. In a
fully developed flow, P changes linearly with z.
Thus,

5 =-C M

where C is a constant.
Under the condition of constant wall tem-

WATARU NAKAYAMA

perature gradient we may put the temperature
T in the following form when the temperature
distribution is fully developed.

T =1Z ~ G(r,§) (2)

where © is the constant wall temperature
gradient along the pipe axis, and G{(r, ) is a
function of r and . The wall temperature
T, is set as T,, = 1Z by neglecting the tempera-
ture variation around the periphery of a cross
section. This condition is realized with a rather
thick pipe wall having good thermal con-
ductivity. However, even when a little tem-
perature variation really exists, the experiments
on curved pipes [4] show that the Nusselt
number based on the mean wall temperature
around the periphery agrees with the result
obtained under the present assumption. Dimen-
sionless temperature is defined by

g = G/1a

The heat fluxes in the r,y directions and at
the wall are denoted by Q,, Q,, and Q, re-
spectively. Dimensionless heat fluxes are formed
as follows:

dy = Qr/kr, qy = Q,l,/kf, qw = Qw/k‘l'

where k is the thermal conductivity of the fluid.
Now we formulate the fundamental equations
commonly applicable to various secondary {low
problems.
The axial force balance equation:

L+ o5t = - o)
where 7,, and 1, are shear stresses expressed by
ow —
tz,,—éa—uw—uw
ow __ (4)
rzw=m—- ow — VW,

The first terms on the right-hand side of equation
(4) are viscous stresses; the second terms
shear stresses due to secondary flow; the last
terms Reynolds stresses.
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The equation of continuity:

0 ov
—— ) + —-=0. 5
) )
The energy balance equation:
0 0qy
_ +—-=Prw 6

Heat fluxes are

7 —_—
qy = —%-{»Prug + Prug’

5 o
qy = —— + Prvg 4+ Prvg

where u'g’, v'g’ are heat fluxes due to turbulent
fluctuation. The conduction term in the direction
of Z is neglected.

1.2. The velocity and temperature distributions
in the flow core region

In the flow core region the stresses and the

heat fluxes due to secondary flow are pre-
dominant, so we may put

Ty = U Wy, Ty = — U W tJ]

4, = Pru,g,, q, = Prv,g, )

where the suffix 1 denotes the value in the flow
core region.

Substitution of equations (8) and (9) into
equations (4) and (7) yields the following
equations

n

ow, ow,
uyy—+v,—=0C 10

99, 99,

—-— — = w,. 1
Uy a’7+vlnal// L ( )

The particular solutions of equations (10-11)
are obtained as follows:

u; = Dcosy
v, = —Dsiny
w, = A + (C/D)ncos y

(12)
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gy = A + (C2D*) n* cos? y
+ (A/D)y cos (13)

where A, A" and D are constants. It is clear that
u; and v, in equation (12) satisfy equation (5).
The constant D represents the dimensionless
velocity of uniform secondary flow in the flow
core.

1.3. The shear stress at the wall and the velocity
distributions in the boundary layer

We may assume, confining our attention to
the region very near the wall, that the local
law of friction is approximately the same as
that observed in a flow where there is no
secondary flow. According to the law of friction,
the shear stress at the wall 7, is expressed by the
distance of a certain point from the wall and
the velocity at that point. The relation between
these quantities is derived from the resistance
formula commonly used for a turbulent flow
[4]. We define the resistance coefficient as

1= op\ 2a
o\ Z)4p W2
where W, is the mean velocity. The resistance
coefficient for the case without secondary

flow 2, is expressed in the following general
form.

(14)

Ao = aRe™1/m (15)

where Re is the Reynolds number defined by
Re = 2a W, /v, a is a constant coefficient and
m is an integer, usually 4 or 5.

We denote the distance from the wall by
¢, and denote the values on the point where
secondary flow component v has a maximum
value with subscript /. From equation (15),
the dimensionless shear stress at the wall w*?2
is expressed in terms of £, and w'.

w2 = (2 Zr_w __ @m — 1)2 J2m=Lim
v P 23+1/m m(4m_ 1)

X W(me—l)/m f;”m (16)

where W, = \/(v3 + w3).
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One of the quantities determining the flow
and temperature fields in the present analysis
is the boundary-layer thickness which appears
in the expression for the velocity and tempera-
ture distributions in the boundary layer. The
boundary-layer thickness made dimensionless
by the radius of a pipe @ is denoted by 4. Corres-
ponding to equation (15), the velocity distribu-
tions are written in the form following the
1/2m — 1)-power law near the wall. The bound-
ary condition for wis

at &=94,

W= Wi

where w,; is the value of w, at & = 4.
We write was

F\Mem=1
W= Wi 5

The circumferential (i) velocity component
v is written in a form satisfying the boundary
condition,

{an

at & =9,

U =10y
and the following condition

fvdf = D(1 — d)siny. {18)
0

Equation (18) expresses the equality between
the rate of secondary flow in the flow core and
returning flow rate in the boundary layer [4].

We write v as
. m 2 é 1/(2m—1})
v = —DSlnlfl [—ﬁ(s——l)(S)

LI

The components of shear stress at the wall
in z and ¥ directions are written as follows in
consideration of w> v [4].

2 _ "y
V7 + )

B x (zm _ 1)2 2m—-1)m
T3 Um ) (4m — 1)

% wllzém- 1Ym 5 - 1/m

w 2 oy %2

(20)
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p*? = s 2y DL g2
JeEw) " Ty

- oam (2m — 1)? }3m- bim
T2TH MmOy — 1) | m(dm — 1)

x wim=1li/m 5=tm*1)im Iy sin o,

20

1.4. The heat flux at the wall and the temperature
distribution in the boundary layer

We may assume that the heat-transfer
mechanism in the region very near the pipe
wall is approximately the same as that ob-
served in the flow free from the influence of
body force. Therefore, the heat flux at the wall
is derived from the Nusselt number formula
commonly used for a turbulent flow. The Nusselt
number is defined as

2aQ
Ny = ——=wm 22
“THT, - T 22
where (O, is the mean value of ¢, around
the periphery of a cross section ({y = —n ~ n),

and T, is the mixed mean temperature defined by

o a

1
T, = —Ta J‘{W’Trdrdli/.

-n

When the Nusselt number in the absence of
secondary flow Nu, is given in the following
form

Nu, = B Re™ ™ Vim pr* (23)
the heat flux at the wall is given by
Guw = G Prew Mg g (24)

where f is the constant coefficient, x the constant,
g5 the value of g, at £ = d and

_ 2m — 1P Wmhm —
= Y —{m+1)im om
b=2 {m@m - I}} ’8

The derivation of equation (24) from equation
(23) is shown in detail in [4]. The temperature
distribution in the boundary layer is written as

é i/n
g =140 (5)

(26)
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where n is an unknown quantity to be deter-
mined by the boundary-layer energy integral
equation.

1.5. Determination of A, C and A’

In order to reduce the number of unknown
quantities, A, C and A’ are related to D and o
in the following manner. The boundary-layer
thickness 4 is actually a function of . However,
the variation of é with ¢ is considered to be
negligibly small. Therefore, in the following
analysis, 6 is treated as constant representing
the mean value taken along the periphery
Y= —n~nmn.

The dimensionless mean velocity w,,
culated by the following equation

is cal-

T —

W JJ wyn dn dy
jjw(u &y dedy ¢

Substitution of equations (12) and (17) into
equation (27) yields the following relation
between 4 and d.

Re 1
2 1 1
——6
! m +4m—1

III

@n

A= (28)

52

The equation describing the balance of forces
exerted upon a portion of fluid bounded by the
tpipe wall and two cross sections a unit distance
apart is

n n

op
jj@z rdrdy = jrwadw.

~n 0 -z

(29)

Use of the dimensionless quantities gives the
following relation between C and w*? averaged

around the periphery.
C = 2wk (30

In equation (20), wF™ /™ is expanded as
follows, assuming that A > C/D.

1191

w(IZam— 1)/m — A(2m— 1)/m

2m—1C
x{l-l— - ADcosd/+ }
From equations (20, 28, 30, 31), the following
relation between C and 0 is obtained.

o (2m _ 1)2 (2m—1)/m e W
PR S b A R m-—1)/m
16{m(4m — 1)} ¢

2m - 1
x 0 1/m|:+ mm2 5]

Here the terms having magnitudes of order
less than 62 are neglected.

The equation describing the heat balance on
a portion of fluid bounded by the pipe wall and
two cross sections a unit distance apart is

J 0uady = pe iZ errdrd./,.
-1 -n0

This is expressed in the following dimension-
less form:

(Y

(32)

(33)

_ RePr
qwm - 4

(34)
where q,,,, is the mean value of ¢, around the
periphery of a cross section.
In equation (24), w{~ 1™ is expanded as
follows:
m—1C
1+ >
[ + - ADCOSI/I-I— :l (35)

From equations (24, 28, 34, 35), the following
relation between 4’, D and ¢ is obtained ;

W(f':i_ Dfm . gm—1)/m

1/m §1/m
A =(Pri % — 4,) Re ™o 1
21+1/m 1 m-
(147 50)
where (36)
aﬁ (zm_ 1)2 (3m—2)/m
Ap =237 )
16 |m(4m — 1)
4m — 1)(3m — 2) Re2m=1im
(4m — 1)(3m — 2) Re 37

4m2m + 1) D% §2m -
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Equations (28, 32, 36) reduce the unknown
quantities to D, § and n which appear in equation
(26). These unknowns are determined by con-
sidering the momentum and heat balance in
the boundary layer.

1.6. The boundary-layer momentum ‘ntegral
equation in the axial (Z) direction

The integral equation expressing the equi-

librium of momentum in the axial (z) direction is

a

wH? = w'laé%fvdi alljj.vw dé + Co.  (38)
0

The way of obtaining a relation between D
and & from equation (38) is the same as that
shown in [4] The relation is

a2(dm? — 1)(dm — 1)

252/m —
b 2"m(6m — 1)
(2m — 1)2 2(2m~ 1)/m 2om= 1y
{m( 1) Re . (39)

1.7. The boundary-layer energy integral equation
The energy integral equation is

] '] ']
4w 0 0 ,
E—nga-&"‘vdé ad/fgvdé«%j\w dé. (40)
0 0 0

The parameter n is determined from equation
(40) in the same way as that shown in [4]. In
the present analysis, g, is approximated in the
following linearized form,

(41)

A
gs=A+ —‘COS‘P

C
4D?
The result shows that with reasonable accuracy
we may put

n=2m-—1. (42
1.8. Resistance coefficients and Nusselt numbers
The definition of A given by equation (14) is
expressed in the following non-dimensional form
16C

il 43
=gz (43)
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From equations (32) and (43), we obtain

(2m - 1)2 2m— 1)/m

1 2m — 1
X Rolm 5iim [1 + " 6]. (44)

The mean heat flux in equation {22) is given by
equation (34) in dimensionless form. Equation
(22) is expressed in non-dimensional form as

RePr

Nu = 2 {45)
where
z 1<8
NEN | P
Gm = 2 giwindndy
- O
+ jjgw{l — §dédy|. (46)

-z 0

Equations (12, 13, 17, 26, 42) are substituted
into equation (46). From equations (45) and
(46), we obtain Nu, neglecting the terms less
than order of magnitude &2 in the bracket, as

2™ g, Pr (m—1)m s—1/m
Nu = W:"x"—;—A‘q"; Re )
4m? — 2m — 1
—— e 7
% [} + m*(2m + 1) é] (47)
where
Ag,, = m(3m — 4)(dm — 1)(bm — })é. (48)

(2m + 1*(2m —~ 1)

When we find the relation between 6 and the
parameter inherent to the type of body force
causing the secondary flow, we obtain A and
Nu for the problem being considered.

2. HEAT TRANSFER IN A STRAIGHT
PIPE ROTATING ABOUT A PARALLEL AXIS

2.1. Fundamental equations
The particular relation between D and ¢ is
given by the equation of force balance in the
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r- and y-directions. The diagram of the present
problem is shown in Fig. 2. The pipe rotates
with angular velocity w, and the radius of
rotation of the pipe axis is R. Due to the Coriolis
force acting on the secondary flow, the line
¥ = 0 does not necessarily lie on the line 0B
passing through the center of a pipe cross

F1G. 2. A pipe rotating around a paralle! axis.

section and the center of rotation. The angular
co-ordinate measured from the line OB is
denoted by y'. The deviation angle between
¥ and ¢ is denoted by A(= ¢ — ') which is
shown to be very small in the following analysis.

The acceleration terms in the direction of g
and ¥ are

ou vou v?

accn=u—+-———-—Jv
=Y Thaw

a , L an
_;isz (cosw +E> (49)
dv védv wuv
accy =u_—+-—+—+Ju
v o néyp g
a .
+52 Raw?sin y/’ (50)
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where
J = 2d%w)/v.

The terms with parameter J express the Coriolis
force due to secondary flow.

When the fluid and wall are kept in isothermal
condition, pressure P is caused by the centrifugal
force.

an

a3
=— Ra? '
P, > wn(cosw +2R

>+ P, (51)
where P, is the pressure at the center of the pipe.

When a pipe is heated or cooled, the tempera-
ture distribution in the fluid causes a secondary
flow and a deviation of pressure from P,. We
denote the deviation of pressure by P, thus,
(P, + P) replaces P in the original equations
whose inertia terms are expressed by equations
(49) and (50). The density change due to tem-
perature distribution introduces the following
Grashof number in the dimensionless funda-
mental equations.

_ Rw?y (1a)(2a)*

v2

Gr

where y is the coefficient of volumetric expansion
of the fluid. It is noted that the gravitational
acceleration in the definition of Grashof number
for a natural convection problem is now replaced
by a centrifugal acceleration Rew?.

2.2. Pressure balance in the flow core
In the core region, the pressure distribution is
caused by the body force as follows:

= JDsiny + §Grg, cos §/' (52)
oP,
——~ = — JDcosy — 1Grg, sin y". 53)
" ov ¥ — 3Grg, ¥ (
From equations (52) and (53), we obtain
cos ¥’ 991 + sin 901 _ 0. (54)

noy on

The dimensionless temperature g, of equa-
tion (13) satisfies equation (54), when ¢ =~ .
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2.3. The boundary-layer momentun integral equa-
tion in the circumferential () direction
The integral equation is written as

56(.(1 ‘3?‘2d J{éd
=gy |rde T g e - Jude
0 0 0

a
—5d(i;‘s—-éGrfgsin¢’df (55)

0

where P, is the value of P, at & = 4.

We average both sides of equation (55) on a
semi-circle, ¥ = 0 ~ 7, to obtain the mean value
of the boundary-layer thickness with reasonable
accuracy [4]. We obtain the following equation
denoting the averaged value by suffix m.

8
dpP

*2 _ _ S 14 i

vy (dlp )m sGr (jg sin i/’ dé)m (56)
0

From equation (53), we find

dy /,,
Substitution of equation (26) with equation

{42) into equation (56) yields the following rela-
tion.

— 3Gr(gssin '), (57)

1
0¥ = —— Gré(g,ssin y'), (58)

16m
Theright-hand side of equation (58)is obtained
in the final form by substitution of equation (41).
We may assume A’ > C/4D?, considering that
g, has a gentle gradient in the core regtion.
Hence, we put in equation (41)
Pri=x

21+1/mqw

C, ~ A~ Rel/m §1m_(59)

4D*

The left-hand side of equation (58) is given

by averaging equation (21) with the aid of

expansion shown in equation (35). When 4 is

neglected (' =~ ), the following relation be-
tween D and ¢ is obtained.

A+
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4m? - 1)
4m?*(4m — 1)

m(dm — 1))B3m=2m | — =2y
X {———M _— ;ﬁGrRe .

From equations (39) and (60), D and & are
obtained as follows:

D= DRem/(m+1]r71/2(m+lh

D5—2(m+1)/m — Prl—x

(60)

(61)

1
T 3[(m + 2)log 2m + 1)

+ 9mlog(2m — 1) — (5m + 2)logm
—(Bm —1)log(4m — 1) — (m + l)log(6m — 1)
—(Tm + 9log2 + (2m + 1) log o — log f] (62)

) Fm/l)l/(m+1)
o0=20\-
(Re

[—mlog2m + 1)

log D =

(63)

logé =

1
4m + 6
+ (19m — 12)log2m — 1) — (Tm — 6} logm
—(7Tm — 6)log(4m — 1) — mlog(6m — 1)

—3mlog2 + 4mloga + 2mlog B]

R€2m+1 2/(2m+ 3)
= [(GrPrl —x)m+ I:I

2.4. Physical meaning of the parameter I’
The parameter I" can be explained as

(64)

where

(65)

_ inertia force
body force
The inertia force is represented by Re’. We
denote the body force by X. The combinations
of inertia and body force in different secondary
flow problems give different I" as shown in the
following.

(1) In the present problem, the body force is
represented by

X ~ GrA' ~ GrPr' *Rel/m §lim.

For turbulent flow, I is expressed by equa-
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tion (65). For laminar flow, we put m = 1,
k = 0, and obtain

I = [Re3/Ra*]}

where Ra = GrPr (Rayleigh number).

(2) In a curved pipe, the centrifugal force caused
by the mean velocity represents the body
force.

X ~ W2/R ~ ReX(a/R)

where R is the radius of curvature of the pipe
axis. Thus, we find I' = R/u (the radius ratio).

(3) In a pipe rotating around an axis perpen-
dicular to its own axis [5], the body force
causing secondary flow is the Coriolis force.
We write X using a non-dimensional angular
velocity @ = 2aw/v as

X ~ oW, ~ ®Re.

Hence, we find I’ = Re/d.
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we put m = 4. Though equation (66) is applic-
able in rather low Reynolds number region for
an ordinary pipe flow, the formula obtained for
curved pipes agrees well with the experimental
results in the wide range of Re/I™? [4].

In fluids having Prandt! numbers of about
unity, ie. most gases, the temperature distri-
bution follows closely the law of velocity distri-
bution. Hence, we use the value m = 4 in the
heat transfer analysis for such fluids. As the
basis to give the heat flux at the wall, we derived
the following simplified Nu, from the formula
for a turbulent flow in the rather low Reynolds
number region [4].

Nu, = 0038 Re? Prt. (67)

According to the fact that 1 obtained by
putting m = 4 covers a wide range of Re/I™?,
the Nusselt number formula is also considered
to cover a wide range of Re/I™'? when the fluids

Table 1
Re/I™'?
Type
of laminar turbulent
body force
Density (RaRe*'>  Re~25'3(Grpr¥)20itt Re"z/‘3(GrPr°'6)3°/13
difference
Cer}grlizgal Re /(a/R) Re(a/RY Re{a/R)*S
Coriolis N 5 o s
force (Re &) »*/Re ®?*3/Re

In all the secondary flow problemsina circular
pipe, the resistance coefficient ratio 4/A, and
the Nusselt number ratio Nu/Nu, are expressed
in terms of Re/I™?. The particular forms of
Re/I'™? for the different problems are shown in
Table 1.

When the turbulent shear stress at the wall is
derived from the following Blasius’s formula

Ao = 0316 Re™* (66)

are gases. The formula obtained for curved
pipes agrees well with the experimental results
for air [4].

When we take the following formula

Ao = 0184 Re~? (68)

we put m = 5. The resistance formula based on
the friction law of equation (68) is applicable in
a very high Re/I™'? region.
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The formula of Nu, corresponding to equa-
tion (68} is Colburn’s formula,

Nu, = 0023 Re®8Pr%4, (69)

Since equation (69) is supported by many
empirical data of liquids, it is suggested that the
formula based on equation (69) may be used for
liquids in a practically important region of
Re/I™? [4].

2.5. Resistance coefficients and Nusselt numbers

The resistance coefficient of a rotating pipe is
obtained by substitution of equation (63) into
equation (44) as follows:

4,

Re 1/m+1)
=

_ \2)@m—1ym
a,=a{9f———1-)—} sim (71

o,

Re \ Him+1) I+
(=)

T = (70)

where

m4m — 1)
-1,
4, =1y (72)
m

It should be noted that, when m = 4, a little
correction is necessary on the value of « in
equation {(15) to calculate the coefficient given
byequation(71). The corrected valueiso = 0-305,

while the original value is @ = 0-316 according -

to equation (66). This correction is made in
order to make the coefficient of equation (16)
with the widely recognized experimental result
of t,, [4]. We denote the original value of o by
o, in the following expression for the resistance
coefficient ratio A/4, to discriminate it from
the corrected value.

A Re 1imim+ 1)

A
1+ 2

Re 1m+1)
)

{73)
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where
a (zm . 1)2 2Zm-1}¥m sy
= T m (74
%0 a {m(4m — 1)} 0 {714

The Nusselt number is obtained by substi-
tuting equation (63) into equation (47).

NuPr  Remtm+1
Nu = ———
Pri -« Agm 1"1/2(m+1)
ANu
()
where
Nu = 2Vmg 5= 1m (76)
dm* —2m —1 .
= e e B, 77
Nu m2m + 1) 7
The Nusselt number ratio becomes
Nu Nu Pri = Re \V/mim+1)
Nu, B Pri™* — Ag, \I™?
ANu
x |1+ Re 1i{m+1) | (?8}
I"m/2

We use the suffixes 4 and S to denote the value
of m used in the calculation. When we set
m = 4, from equations (66) and (67) we find

a = 0-305(the corrected value), k = 1, f = 0-038.
From equation (70), we obtain
0-338 007

,14\/1“:(?5; +(§é—>;.

The ratio A4/4, is shown in Fig. 3. The curve in
Fig. 3 may be used to estimate the increase in
the flow resistance in a wide range of Re/I'%.

From equation (75), we obtain for gases (Pr
~ 1)

(79)

0043 Pr Ret - 0061
Pr* — 0050 I's ({z_e)%
F2

Nu4 = {80)
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The ratio Nu,/Nu, is shown in Fig. 4. From
equations (68) and (69), we find

m=35 o=0184, f=0023, k=04
The resistance coefficient is written as
0220 0-035
/15\/1“ = |1 + —1Fr (81)

Re \* + Re ' |

The ratio A5/4, which is expected to be valid
for very large Re/I'*'S is shown in Fig. 5.

15
A
1-4 g
23 A
~ ,/
< 1
< 12
1 ]
|
/,
10
0l 10 10 100
Re/T'?

FIG. 3. Resistance coeflicient ratio (4,/4,) vs. Re/I'%.
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F1G. 4. Nusselt number ratio for gases.
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) //
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Re/T 25

F1G. 5. Resistance coefficient ratio (15/4,) vs. Re/I'%'5.
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For Prandtl numbers larger than unity, in
equation (75), we may put

Pri-x ~ 1
Pri % —Ag, =

Hence, we obtain the Nusselt number for liquids
as

0-032

Re\*
FS—

The ratio Nus/Nu, is shown in Fig. 6.

Nug Pr=%4 = o-ozsR—ei 1+ (82)
5 I—vﬁ

1-5
L~

o1 10 10 100
Re/T?5

FIG. 6. Nusselt number ratio for liquids.

Figures 3,4, 5 and 6 show that the increases in
the flow resistance and the heat-transfer rate in a
turbulent flow are not so remarkable as those
found in a laminar flow [3].

Theexpressions of Dand é are given as follows :

(m = 4) 8, = 0160 (Re/I'?)~* (83)
D, = 0096 Re* 't (84)
(m=5) s = 0098 (Re/T*%)"%  (85)
Ds = 0070 Ret I . (86)

2.6. The effect of Coriolis force
In order to obtain 4(= ¥ — ¥’), in equation
{53) we put

n=1 y=0 0P,/ =0 Yy =—-A
From equation (53), we obtain

. 8JD

sind = 87

C AY
GriA'"+ — + —
r( +4D2 + D)
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The angle 4 is supposed to be small, therefore,
we set sin 4 &~ A. We give the suffix 0 to the
quantities obtained in the previous sections to
denote the zero-th order approximation for the
Coriolis effect. Equation (87) is written as

8D,

4= 4, T 1ebpr M (88)
where
M = JRe(Zm—S)/(2m+3|(GrPrl—K)—(2m+1)/(2m+3)
(89)
Ay = dympi+img (90)

The physical meaning of M is given by

Coriolis force due to secondary flow
body force ’

By putting cos 4 &~ 1 and sin 4 =~ 4, we {ind

4D ®h

o ) C\2 A

(gwsml//),,, = <A + —2>; — EA

Equation (91) is substituted into equatien (58),

and D is eliminated by using equation (39).

Thus, the equation for ¢ is obtained. The ex-

pansion is made as

0=0,(1 +4;+ ... (92)

After eliminating negligibly small terms, 4; is
obtained as follows from equation (58).

_ mmd 2m(6m — 1)
4= 3om +3) [(4m2 — 1)(dm — 1)]‘ &)

The correction coefficient for 4 and Nu is
obtained in the following form.

1

{=1-—4, (94)
m

The coefficient { is multiplied to the right-
hand side of equations (70, 73, 75, 78), when the
effects of Coriolis force is taken into account.
However, the value of { is usually very close to
unity as shown later. Thus, we may neglect the
effect of Coriolis force in many cases.

WATARU NAKAYAMA

When we put m = 4, equation (88) becomes
0-147

4, = 33 L P 3 (95)
where
M= JRe*'! (GrPr¥)~°11, (96)
In case of m = 5,
45 = 551—(1_% M (97)
where
M = JRe¥13 (GrPr® )~ 1113, (98)

The correction coefficient for A,\/I', A4/A0,
Nu, and Nu,/Nu, is given by
- 0:0046

77 2234 prt

The correction coefficient for As\/T. A5/,

NusPr~°*and Nus/Nu, is given by
0002
2:51 + pro9¢

M. (99)

{s=1 M. (100)
Let us estimate { for the following example.
The data are given as follows:
diameter of a pipe 2a = 10 mm,
radius of rotation R = 50 cm,
angular velocity w = 523 rad/s (5000 rev/min),
fluid is air (the mixed mean temperature is
around 40°C),
temperature gradient along the pipe axis
7 = 20°C/m, mean velocity W, = 20 m/s.
The dimensionless parameters are found to be

Re = 1142 x 10* Gr = 1'53 x 10°, " = 1-05
x 102,

Re/T* = 1:04,J = 149 x 10>, M = 1-33.

The increase in Nusselt number is given by
Nu/Nu, = 1-282. From equation (95), we find

4, = 0056 rad = 3-2deg.

The correction coefficient for A, /. A4/Ag
Nu, and Nu,/Nu, is

{4 = 0998.
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The results shows only 02 per cent reduction.
The Coriolis force exerts little influence on
A and Nu in turbulent flow, while a little in-
fluence is expected in laminar flow [3].

2.7. Further remarks

(1) In order to see the influence of the different
factors explicitly, Re/I™? is disintegrated
into the following form.
For gases (Pr ~ 1),

RE/FZ ~ R20/11 VV;"—ZS/II w40/11 1.20/11

« po 18/t

For liquids,

Re/I"Z'S ~ R30/13 W,;42/13 0)60/13 1’.30/13

x v—18/13 Pr18/13.

In both cases, the effect of secondary flow
increase remarkably with increase in angular
velocity, and decreases with increasing mean
velocity.

(2) When Rw? in the definition of Gr is replaced
by a gravitational acceleration (9-8 m/s?),
the calculation up to equation (86) may be
applied to the problem of turbulent heat
transfer ina horizontal pipe. The experimental
data in a horizontal pipe are found in
the paper by Mori et al. [6]. The experiment
was done by using air. One of the data points,
for example, is taken at

Re = 12 x 104
Gr = 440.

The value of Gr is calculated from Ra = 38-5
found in [6] which is based on the radius of
the pipe a. These values give I' = 2:32 x 10*
and Re/T'? = 2:23 x 1075 It s clear that the
effect of buoyancy is negligibly small. The
velocity and temperature distributions ob-
tained by experiment show little deviation
from the symmetric turbulent flow and
temperature profiles. The Nusselt number
agreed with the formula for a symmetrical
turbulent pipe flow.
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CONCLUSIONS

Turbulent heat transfer in a pipe rotating
around a parallel axis is studied theoretically
on the assumption that flow and temperature
fields are fully developed under the condition
of constant wall temperature gradient. The
following conclusive remarks are obtained.

(1) A secondary flow is expected due to the
density difference in a centrifugal field when
a temperature distribution exists in a pipe.
Velocity and temperature distribution dis-
torted by a sufficiently large secondary flow
can be analysed by the boundary-layer
approximation near the wall. The axial mo-
mentum balance equation and the energy
balance equation are common to all the
similar secondary flow problems caused by
different kinds of body force. The particular
equations for the present problem are the
force balance equations in a cross section.

(2) The resistance coefficient A and the Nusselt
number Nu are expressed by use of an integer
m which forms the exponents of Re in the
formulae of A, [~Re '™] and Nuy[~
Re™~ 1] The formulae for A and Nu are
obtained by setting m = 4 or 5.

(3) The ratios A/A, and Nu/Nu, showing the
increase in 4 and Nu due to secondary flow
are obtained in terms of Re/I™2, where I is
the ratio of the inertia force to the body force.
It is found that various parameters appearing
in different secondary flow problems can
generally be expressed by Re/I™? in either
laminar region (m = 1) or turbulent region.

The ratio A/4, obtained by settingm = 4 is
considered to cover a wide range of Re/I'%.
The ratios Nu/Nu, are obtained in terms of
Re/I'? for gases (Pr ~ 1) and Re/T'*% for
liquids (Pr > 1). These results, though experi-
mental confirmation is necessary, are avail-
able in the region of high rotational speeds
where practical interests lie. The increases in
Aand Nu in turbulent flow are not so remark-
able as those encountered in laminar flow

(3]
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(4) The effect of Coriolis force acting on a
flow is expressed in terms of M which
represents the ratio of the Coriolis force
to the body force. However, this effect in
turbulent flow is so small that we may
neglect it in many cases.

(5) The effect of secondary flow increases
markedly with increase in the angular
velocity, if we keep the other factors constant.
The mean velocity has an inverse effect on
A/Ay and Nu/Nu, in turbulent flow, while
these ratios increase positively with the
mean velocity in laminar flow [3].

(6) The results obtained by the present analysis
can be applied to a uniformly heated
horizontal pipe if we replace the centrifugal
acceleration in Gr by the gravitational
acceleration. However, the effect of buoyancy
in turbulent flow is usually negligible as
Re/T'? is very small. The experimental data
[6] show little influence of the secondary
flow effect.
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Résumé—Le transport de chaleur turbulent dans un tuyau tournant autour d’un axe paralitle avec une
grande vitesse angulaire est étudié théoriquement en supposant un écoulement secondaire effectif dil
ila différence de densité dans un champ centrifuge. Les champs d’écoulement et de température, entiérement
établis sous la condition d’un gradient de température pariétale constante, sont analysés en les divisant en
une région d’écoulement central et une couche limite mince le long de la paroi. L’analyse consiste de deux
parties dans cet article. L une est commune a différents problémes d’écoulement secondaire, et I’autre dans
laquelle les termes de force volumique apparaissent explicitement est particuliére au probléme actuel.
Les formules pour le coefficient de résistance A et le nombre de Nusselt Nu sont obtenues en fonction de Re
etde I'(Re = nombre de Reynolds, I' = force d’inertie/force volumique). On montre que les augmentations
des valeurs de 4 et du Nu dues a I’écoulement secondaire peuvent étre exprimées en fonction du paramétre
Re/l™? (m = 1 pour I’écoulement laminaire, m = 4 ou 5 pour 1’écoulement turbulent) que I'on trouve
étre un parametre général pour différents problémes d’écoulement secondaires. L’effet de la force de Coriolis
di & Pécoulement secondaire est négligeable.

Zusammenfassung— Der turbulente Wirmeiibergang in einem Rohr, das um eine parallele Achse mit grosser
Winkelgeschwindigkeit rotiert, wird theoretisch untersucht, wobei eine wirksame Zweitstrémung infolge
von Dichteunterschieden in einem Zentrifugalfeld angenommen wird.

Geschwindigkeits- und Temperaturfelder, die unter der Bedingung konstanter Wandtemperaturgradient
en voll ausgebildet sind, werden nach ihrer Aufteilung in einem Strémungskernbereich und eine diinne
Grenzschicht an der Wand analysiert. Diese Analyse besteht aus zwei Teilen. Einer ist gebrauchlich fiir
verschiedene sekundire Stromungsprobleme und der andere, in dem die Ausdriicke fiir die Massenkraft
explizit auftreten, ist eigentiimlich fiir das vorliegende Problem. Die Gleichungen fiir den Widerstandsko-
effizienten 4 und die Nusselt-Zahl Nu 16sen sich in Ausdriicken von Re und (Re—Reynolds-Zahl I' =
Trigheitskraft/Massenkraft.)

Es zeigt sich, dass das Anwachsen der Werte von A und Nu auf Grund der Sekundirstrémung in Form des
Parameters Re/I™? (m = 1 fiir Laminarstrémung, m = 4 oder 5 fiir turbulente Strémung) ausgedriickt
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werden kann. Dieser Parameter erweist sich als allgemein giiltig fiir verschiedene Sekundirstrémungs-
probleme. Der Einfluss der Cariolis—Kraft infolge der Sekundérstrdmung zeigt sich als vernachlissigbar
klein.

Annoramas—TeopeTuueckn uaydaercss TypGyieHTHHI mnepeHoc B TpyGe, Bpamawomeics
BOKPYT NApaJIeNbHOX ocH ¢ GOJIBIIOA YrilOBOH CKOPOCTBIO IyreM paccMoTpenud addexr-
TUBHOTO BTOPMYHOI0 MOTOKA, BOBHMKAOIIEr0 GIarofapA PasHOCTH ILIOTHOCTEH B LEHTPO-
GexcuoM moxe. MccimemyloTcA MOTOK M TeMHePATYPHHE MONA, HOJIHOCTHIO DPAsSBUTHE NPH
HOCTOAHHOM TpPajfieRTe TeMIepPATypH HA CTeHKe, NyTeM pasfelleHMsa WX HA o6macTu Ampa
TIOTOKA M TOHKOTO NMOrpaHWYHOrQ CIIOA BIONb CTEHKHM. B JaHHOW craThe AHAIM3 COCTOHMT
u3 aByX yacrelt. OfiHA OTHOCHTCH K Pa3iMYHHM NpoGieMaM BTOPMYHOTO TEYeHHHA, a BTOPAf,
B KOTOPO! YieHH, ONMNCHBAKINHME CUIH, ACHCTBYOIME CO CTOPOHH Teja, NMOABIAITCA B
ABHOM BUjle, XapaKTepHa [iA AanHo# 3amauk. Gopmyna naa kosddunmenta conpoTuBIenns
A u ancro Hyccenbra Nu monyuenst B uuciax Re u I' (Re=uncio Peitmombaca, I'=cuira
uHepIuy/cuia Temna). II0xasaHo uTo yBeiudeHMe BeIMYuHK A 1 Nu 61arogaps BTOPHUHOMY
TNOTOKY MOeT OHTh BHpaskeHO mapamerpoM Re/I'™2(m=1 pas naMUHAPHOrO MOTOKR M
m=4 uan 5 muas TypOyIeHTHOTO MOTOKA), KOTOPHMN ABIAETCA OGIMM NAPAMETPOM A
PasIUYHEIX 3afa4 C BTOPMYHHIMH TedeHWAMHU. IlOKasano Ttakme, 410 3PPeKT CUIHN
Hopuoanca 6rarogapA BTOPUYHOMY HOTOKY IpeHeGpeuMo MaJ.
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