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Abstzaet-Turbulent heat transfer in a pipe rotating around a parallel axis with large angular velocity 
is studied theoretically by assuming an effective secondary flow due to density difference in a centrifugal 
field. Flow and temperature fields, fully developed under the condition of constant wall temperature 
gradient, are analyzed by dividing them into a flow core region and a thin boundary layer along the wall. 
The analysis consists of two parts in this paper. One is common to different secondary flow problems, 
and the other in which the body force terms appear explicitly is particular for the present problem. The 
formulae for the resistance coefficient 1 and the Nusselt number Nu are obtained in terms of Re and r 
(Re = Reynolds number, r = inertia force/body force). It is shown that the increases in the values of 1 
and Nu due to secondary flow can be expressed in terms of the parameter Re/F” (m = 1 for laminar flow, 
m = 4 or 5 for turbulent flow) which is found to be a general parameter for various secondary flow problems. 

The effect of Cariolis force due to secondary flow is shown to be negligibly small. 

NOMENCLATURE 

~.‘t at the pipe axis ; 
g1 at the pipe axis ; 
radius of the pipe ; 
e - (lP,/dz) ; 
specific heat of fluid at constant 
pressure ; 
dimensionless velocity of the second- 
ary flow in the flow core ; 
= T, - T; 
Grashof number, 

= Rw2y(za)(2a)3/v2 ; 

- (T, - T,),ha; 
= 2a’oJv; 
thermal conductivity of fluid ; 
(Coriolis force due to secondary 
flow)/(body force) ; 
constant defined by equation (15) or 
equation (23) ; 

Nusselt number, 

= [2aQwmlkKw - 721 
Nu with no secondary flow; 
constant defined by equation (26) ; 

- (a21v2Wp) ; 
Prandtl number, = pc,v/k ; 
pressure ; 
heat flux in the fluid ; 
heat flux at the wall; 
3 Q,/kz; 
E QJkT; 
= Q,/kz; 
radius of rotation of the pipe axis ; 
Rayleigh number, = GrPr ; 
Reynolds number, =_ 2a W,/v ; 
radial co-ordinate in a cross section 
temperature ; 
mixed mean fluid temperature ; 
wall temperature ; 
radial component of velocity ; 
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= Walv; 

circumferential component of 
velocity ; 
E Vu/v; 
circumferential component of W ; 
axial component of velocity ; 
= Wa/v; 
mean velocity ; 
axial component of iP2 ; 
resultant velocity formed by v and i$: 
= (a’~v~~(~~~~); 
body force ; 
axial co-ordinate ; 
= Z/a. 

z np Lb& dimensionless shear stresses in the 
direction of the pipe axis: 

*2 angular co-ordinate in a cross sec- 
tion whose original line ($ = 0) lies 
on a secondary flow streamline 
passing through the center of a 
cross section ; 

$‘. angular co-ordinate in a cross sec- 
tion, the extension of whose original 
line ($’ = 0) passes through the 
center of a cross section and the 
center of rotation; 

CO. angular velocity of the pipe. 

Subscripts 
0, value obtained by neglecting the 

Greek symbols 
proportional coefficient in the 
formula for A*, equation (15); 
proportiona coefficient in the 
formula for J., equation (71) ; 
proportional coefficient in the 
formula for NuO, equation (23); 
(inertia force)/(body force) ; 
coefficient of volumetric expansion 
of fluid ; 
E I// - l+v; 
coefficient of the correction term 
(subscript x denotes the correction 
term for the quantity x); 
dimensionless thickness of the 
boundary layer ; 
correction coefficient due to Coriolis 
force ; 
55 r/a; 
exponent of Pr in the formula for 
Nu,, equation (23); 
resistance coefficient, 

Coriolis force in Section 2.4 ; 
value in the flow core region; 
1 and Nu calculated by putting 
m = 4; 
A and Nu calculated by putting 
m = 5; 
value at the position where v in 
the boundary layer becomes maxi- 
mum: 
mean value around the periphery 
(II/=--n - n) or on a semi-circle 
$ = 0 - 71 (section 2.3); 
value at l = 6. 

INTRODUCTION 

IN A PIPE rapidly rotating around a parallel axis, 
a fluid is subjected to a centrifugal force much 
larger than the natural gravity. The difference 
in density of the fluid due to the temperature 
distribution in the flow causes a secondary flow 
which increases remarkably the flow resistance 
and the heat-transfer rate. In the cooling 
passages in rotating hot parts of various engines 
and machines, we see the heat-transfer problem 
discussed in this paper. 

z [( - a~/az)(2a/* p W$] ; 
A with no secondary flow ; 
kinematic viscosity; 
El--g; 
density ; 
temperature gradient along the pipe 
axis ; 
shear stress at the wall ; 

Especially, recent requirements for high per- 
forman~e jet engines, gas turbines and electric 
generators demand designers to employ effective 
cooling technique in order to save the significant 
loss of material strength in high temperature 
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environments. ,Since high temperature in rotat- and the boundary layer. The analysis is done 
ing material has a great influence on material following the method of analysis for turbulent 
strength and life, it is very desirable to evaluate heat transfer in curved pipes done by Mori and 
heat-transfer coefficients in the cooling passages Nakayama [4]. The analysis consists of the part 
with some accuracy. to be applied commonly to various secondary 

In spite of the practical importance of the flow problems and the one which is particular 
problem, the available data are insufficient for in the present problem. The change in density 
design purposes. The experimental work was of the fluid is taken into account only in the 
done by Humphrey et al. [I] in the entrance terms of centrifugal force in the momentum 
region where air was introduced from the equations, and other physical properties are 
rotating axis through a passage formed by a regarded as constant. The fluids discussed 
radial rotating pipe and a bend. However, the here have Prandtl numbers of about unity 
results obtained were under the complicated and greater than unity. 
effects of the different factors, and fail to give 
a correlation function. Morris [2] made a 1. THE ANALYSIS BY THE 

theoretical study for a fully developed laminar BOUNDARY-LAYER APPROXIMATION 

flow using a perturbation method. His results 1.1. F~ndff~entul e4~ut~ons 
are confined to a small Reynolds number and It is pointed out in the first report on laminar 
low rotational speed region, since the secondary flow [3] that, in most practical cases, a sufficiently 
flow is assumed to be very small. large secondary flow distorts the velocity and 

Mori and Nakayama [3] made an analytical temperature distributions in a pipe remarkably 
study in fully developed laminar region assum- from the symmetrical profiles. The velocity and 
ing that the effect of secondary flow is pre- 
dominant in the pipe except in a thin layer along 
the wall. The thin layer next to the wall is 
called the boundary layer in the sense that the 
boundary-layer approximation can be applied 
in this region, while the central part is called 
the flow core. The results are obtained for the 
practically important region of large Reynolds 
numbers and high rotational speeds. The in- 

2 

crease in the flow resistance and that in the 
Nusselt number are shown in terms of RaRe, 
where Ra is the Rayleigh number based on the 
centrifugal acceleration and Re is the Reynolds 
number. In addition, the effect of Coriolis 
force due to secondary flow, though it is small, 
is discussed, and the correction coefficients 
taking this effect into account are given. 

In the present paper, turbulent heat transfer 
in a rotating pipe is studied theoretically 
assuming that the effect of secondary flow is 
sufficiently large. The flow and temperature 
fields are fully developed under the condition 
of constant wall tem~rature gradient, and 
analyzed by dividing them into the flow core FIG. 1. System of co-ordinates. 
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temperature distributions observed in turbulent 
fIow in the curved pipes (I4f also imply the 
significant effect of secondary flow. A similar 
effect can reasonably be expected in turbulent 
flow where intense secondary flow is caused by 
the different body forces. 

In Fig. 1, the body force X is applied in the 
direction indicated by the arrow. When a 
secondary flow is large, velocity and tempera- 
ture change gradually in a pipe except in a 
boundary layer next to the wall where they 
change steeply from the values at a flow core 
to those at the pipe wall, The axial velocity 
distribution (w) is shown in Fig. 1. This feature 
of velocity and temperature profiles may be 
explained by the predominant role of the shear 
stress and the heat flux due to secondary flow 
in the flow core region. The secondary flow is 
assumed to be uniform in the flow core region 
by considering that the pressure gradient in 
a cross section keeps balance with the body 
force. The assumed secondary flow streamlines 
are also shown in Fig. 1. Since the flow is fully 
developed, the boundary-Iayer thickness is 
invariable in the direction of pipe axis. 

We use the cylindrical co-ordinates (r, II/, 2) 
putting the line Ic/ = 0 on the secondary flow 
streamline passing through the center of a 
cross section. All quantities are denoted by the 
time-average values of turbulent flow. The 
velocity components in the direction of Y, $ 
and Z are U, V and W respectively, and these 
are made dimensionless by the radius of the 
pipe a and the kinematic viscosity v as follows : 

u = iJa/v, v = Va,lv, w = Wah. 

The dimensionless co-ordinates are defined as 
q = r/a, z = Z/a. The dimensionless pressure 
P is P = (a’~v’~(~/~), where p is density. In a 
fully developed flow, P changes linearly with z. 
Thus, 

3P 

aZ= 
-C (1) 

where C is a constant. 
Under the condition of constant wall tem- 

perature gradient we may put the temperature 
T in the following form when the tem~rature 
distribution is fully developed. 

T = ZZ - G(r, $) (2) 

where r is the constant wall temperature 
gradient along the pine axis, and G(r, $1 is a 
function of r and $I. The wall temperature 
T, is set as T, = ZZ by neglecting the tempera- 
ture variation around the periphery of a cross 
section. This condition is realized with a rather 
thick pipe wall having good thermal con- 
ductivity. However, even when a little tem- 
perature variation really exists, the experiments 
on curved pipes [4] show that the Nusselt 
number based on the mean wall temperature 
around the periphery agrees with the result 
obtained under the present assumption. Dimen- 
sionless temperature is defined by 

g = G/ra. 

The heat fluxes in the r, t,b directions and at 
the wall are denoted by Q,, Q#, and Q, re- 
spectively. Dimensionless heat fluxes are formed 
as follows : 

4, = Qrlk qti = QJk qw = Qwlkc 

where k is the thermal conductivity of the fluid. 
Now we formulate the f~damental equations 

commonly applicable to various secondary Row 
problems. 

The axial force balance equation : 

where r,,, and zzs are shear stresses expressed by 

l3iV - 
z zq = - 

% 
- uu’ - UfU’1 

aw (4) 

rzs = ?a* 
-_V~_v’w’. 

The first terms on the right-hand side of equation 
(4) are viscous stresses ; the second terms 
shear stresses due to secondary flow; the last 
terms Reynolds stresses. 
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The equation of continuity : g1 = A’ + (C/20’) ?j2 cos’ $ 

(5) 

The energy balance equation : 

(6) 

+ (AID)? cos ICI (13) 

where A, A’ and D are constants. It is clear that 
ul and ul in equation (12) satisfy equation (5). 
The constant D represents the dimensionless 
velocity of uniform secondary flow in the flow 
core. 

Heat fluxes are 
1.3. The shear stress at the wall and the velocity 

ag ql= --++rug+Pru’g’ 
atl 

ag 
q#= -tla$ 

I __ + Prug + Prog 

I 

distributions in the boundary layer 

(7) 

We may assume, confining our attention to 
the region very near the wall, that the local 
law of friction is approximately the same as 
that observed in a flow where there is no 
secondary flow. According to the law of friction, 
the shear stress at the wall r, is expressed by the 
distance of a certain point from the wall and 
the velocity at that point. The relation between 
these quantities is derived from the resistance 
formula commonly used for a turbulent flow 
[4]. We define the resistance coefficient as 

where a, a are heat fluxes due to turbulent 
fluctuation. The conduction term in the direction 
of Z is neglected. 

1.2. The velocity and temperature distributions 
in theflo w core region 

In the flow core region the stresses and the 
heat fluxes due to secondary flow are pre- 
dominant, so we may put 

r .zq = -Ul Wl, z z# = -u1 Wl (8) 

qv = Pr wl, 4# = Prw, (9) 

where the suffix 1 denotes the value in the flow 
core region. 

Substitution of equations (8) and (9) into 
equations (4) and (7) yields the following 
equations 

awl awl 
y&y + ht] = C 

ah ah 
Ul Y&- + u1* = WI. 

(10) 

(11) 

The particular solutions of equations (10-l 1) 
are obtained as follows : 

u1 = Dcoslj 

ul = -Dsin$ (12) 

wl = A + (C/D)r/ cos + 

A= __2 2a ( > az &w; (14) 

where W, is the mean velocity. The resistance 
coefficient for the case without secondary 
flow I,, is expressed in the following general 
form. 

1, = aRe-ll* (15) 

where Re is the Reynolds number defined by 
Re = 2a Wm/v, a is a constant coefficient and 
m is an integer, usually 4 or 5. 

We denote the distance from the wall by 
5, and denote the values on the point where 
secondary flow component u has a maximum 
value with subscript J From equation (15), 
the dimensionless shear stress at the wall P2 
is expressed in terms of tr and 6). 

x $2m - 1)/m G l/m 
f (16) 

where EJ = ,/(u: + $). 
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One of the quantities determining the flow 
and temperature fields in the present analysis 
is the boundary-layer thickness which appears 
in the expression for the velocity and tempera- 
ture distributions in the boundary layer. The 
boundary-layer thickness made dimensionless 
by the radius of a pipe a is denoted by 6. Corres- 
ponding to equation (15), the velocity distribu- 
tions are written in the form following the 
1/(2m - l)-power law near the wall. The bound- 
ary condition for M? is 

at 5 = S, u’ = U’ra 

where wrd is the value of u’r at < = 6. 
We write n*as 

The circumferential ($) velocity component 
u is written in a form satisfying the boundary 
condition, 

at 5 = 6, 0 = l?, 

= ji+yrn _ 1) {~~;_*)Jom-l)‘m 
x M.16 

Im-ll/ms-(*n+l)im~sin~. (21) 

1.4. The heuc~u~ at the wall and the temperature 
distribution in the boundary layer 

We may assume that the heat-transfer 
mechanism in the region very near the pipe 
wall is approximately the same as that ob- 
served in the flow free from the influence of 
body force. Therefore, the heat flux at the wall 
is derived from the Nusselt number formula 
commonly used for a turbulent flow. The Nusselt 
number is defined as 

(22) 

where Q, is the mean value of Q, around 
the periphery of a cross section (+ = -n - rc), 
and T, is the mixed mean temperature defined by 

and the following condition 

$ad< = D(1 - ti)sin$. 
WTr dr dli/. 

Equation (18) expresses the equality between When the Nusselt number in the absence of 

the rate of secondary flow in the flow core and secondary flow Nu, is given in the following 

returning flow rate in the boundary layer [4]. form 
We write v as Nu, = P @” _ ‘Urn pr” (23) 

the heat flux at the wall is given by 

q,,, = lj,Pr“ w16(“+‘” 6-l’” g,, (24) 

where p is the constant coefficient, K the constant, 
gIa the value of gr at 5 = 6 and 

The components of shear stress at the wall 
in z and 4(/ directions are written as follows in 
consideration of w B u [4]. 

Ir. 

(2-V 

The derivation of equation (24) from equation 
(23) is shown in detail in [4]. The temperature 
distribution in the boundary layer is written as 

r/n 

x Uld 
1&n-lNmb;--l/m 

(20) 
(26) 
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where n is an unknown quantity to be deter- w\26m - 1)/m _ A(2m- 1)/m - 

mined by the boundary-layer energy integral 2m-1 c 
equation. --,,cos* + . . . 

> 
. (31) 

m 

1.5. Determination of A, C and A’ 
In order,to reduce the number of unknown 

quantities, A, C and A’ are related to D and 6 
in the following manner. The boundary-layer 
thickness 6 is actually a function of $. However, 
the variation of 6 with $ is considered to be 
negligibly small. Therefore, in the following 
analysis, d is treated as constant representing 
the mean value taken along the periphery 
(I++= -n-n). 

The dimensionless mean velocity W, is cal- 
culated by the following equation 

R d 

relation 

+ ss W- 5)dtW . 

(28) 

(27) 
-no 

Substitution of equations (12) and (17) into 
equation (27) yields the following 
between A and 6. 

A=? 
1 

l-L+&62 
m 

The equation describing the balance 

From equations (20, 28, 30, 31), the following 
relation between C and 6 is obtained. 

x J-l/“’ [1 + ?a]. (32) 

Here the terms having magnitudes of order 
less than 6’ are neglected. 

The equation describing the heat balance on 
a portion of fluid bounded by the pipe wall and 
two cross sections a unit distance apart is 

R R II 

s Qwa W = PC, & ss wT r dr d$. (33) 

-lI -77 0 

This is expressed in the following dimension- 
less form : 

where q,,,,,, is the mean value of q, around the 

RePr 

periphery of a cross section. 

4 = - 

In equation (24), w’$-~)/~ is expanded as 

wm 

follows : 

4 

of forces 
exerted upon a portion of fluid bounded by the 
‘pipe wall and two cross sections a unit distance 
apart is 

m-l C 
----cosII/ + . 

m AD 1 (35) 

From equations (24,28, 34, 39, the following 
relation between A’, D and 6 is obtained; 

I 

s 
z, a dll/. (29) A’ = (Pr’-” _ &) 

Rellm glim 

-?I 2i+““$,(1 + 55) 

Use of the dimensionless quantities gives the 
following relation between C and u’*~ averaged 
around the periphery. 

c = 2w;2. (30) 

In equation (20), w(:~-~)/” is expanded as 
follows, assuming that A 4 C/D. 

(4m - 1)(3m - 2) Re2(m-1)‘m 
X 

4m(2m + 1) D262/m (37) 
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Equations (28, 32, 36) reduce the unknown From equations (32) and (43), we obtain 
quantiti~ to D, 6 and n which appear in equation 
(26). These unknowns are determined by con- 
sidering the momentum and heat balance in 

A = @.{ ~~_l~~~-l)‘m 

the boundary layer. 1 x &p (pm (44 
1.6. The b~nd~y-tuyer momentum ‘ntegra~ 

equation in the axial (Z) direction 
The mean heat flux in equation (22) is given by 

The integral equation expressing the equi- 
equation (34) in dimensionless form. Equation 

librium of momentum in the axial (2) direction is 
(22) is expressed in non-dimensional form as 

i+,*2 = K,r-$/vd[ - $/r.d[ + C6. (38) where N” = Z 

0 0 

(45) 

The way of obtaining a relation between D 
and 6 from equation (38) is the same as that 
shown in [4]. The relation is 

gm = -& 

[j1 -n 0 

D262,m _ a2(4m2 - lN4m - 1) 
B 6 

2’m(6m - 1) 

x {ii--z, 

+ 
Z(Zm- lfim 

cs 
gfi*U - Bd5dJI - 

I 

(46) 
2 -7TO 

Re2(m- Iwa (39) Equations (12, 13, 17, 26, 42) are substituted 
into equation (46). From equations (45) and 

1.7. The boundary-payer energy integral equation (46), we obtain Nu, neglecting the terms less 
The energy integral equation is than order of magnitude 62 in the bracket, as 

e = gta-$&,< - $[g&; + /,rd& (40) 

0 0 

The narameter n is determined from equation 

jvu = ~~~~~~r; 

x I+ 
m2(2m + 1) 

6 

1 

(47) 

(40) in-the same way as that shown in c4]. In 
the present analysis, gts is approximated in the 

where 

following Iinearized form, Ag, = m(3m - 
4)(4m - 1)(6m - 1)p 

a’ 
(48) 

0 A (2m + 1)‘(2m - 1)3 
g,, = A’ + -+ + ;cos $. (41) When we find the relation between 6 and the 

The result shows that with reasonable accuracy 
parameter inherent to the type of body force 
causing the secondary flow, we obtain 1 and 

we may put 
n = 2m - 1. (42) 

Nu for-the problem being considered 

1.8. Resistance coefficients and Nusselt numbers 2. HEAT TRANSFER IN A STRAIGHT 
The definition of I given by equation (14) is PIPE ROTATING AROUT A PARALLEL AXIS 

expressed in the following non-dimensional form 2.1. Fundamental equations 

‘43’ 
The particular relation between D and 6 is 

given by the equation of force balance in the 



r- and tjdirections. The diagram of the present 
problem is shown in Fig. 2. The pipe rotates 
with angular velocity w, and the radius of 
rotation of the pipe axis is R. Due to the Coriolis 
force acting on the secondary flow, the line 
ij = 0 does not necessarily lie on the line OB 
passing through the center of a pipe cross 

FIG. 2. A pipe rotating around a parallel axis 

section and the center of rotation. The angular 
co-ordinate measured horn the line OB is 
denoted by +‘. The deviation angle between 
$ and r,V is denoted by A( = $ - II/‘) which is 
shown to be very small in the following analysis. 

The acceleration terms in the direction of q 
and Y are 

au v au ~2 
accq=u-+-----Jv 

aq ttati v 

- $Rm’(cos$’ + ;) (49) 

au vav uv 
acc$=uS+--G+7+Ju 

a3 
+ 7 Rw2 sin JI’ (50) 
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where 

J = 2a20/v. 

The terms with parameter J express the Coriolis 
force due to secondary flow. 

When the fluid and wall are kept in isothermal 
condition, pressure P, is caused by the centrifugal 
force. 

where P, is the pressure at the center of the pipe. 
When a pipe is heated or cooled, the tempera- 

ture distribution in the fluid causes a secondary 
flow and a deviation of pressure from P,. We 
denote the deviation of pressure by P, thus, 
(PO + P) replaces P in the original equations 
whose inertia terms are expressed by equations 
(49) and (50). The density change due to tem- 
perature distribution introduces the following 
Grashof number in the dimensionless funda- 
mental equations. 

where y is the coefficient of volumetric expansion 
of the fluid. It is noted that the gravitational 
acceleration in the definition of Grashof number 
for a natural convection problem is now replaced 
by a centrifugal acceleration Rw2. 

2.2. Pressure balance in theflow core 
In the core region, the pressure distribution is 

caused by the body force as follows : 

ah -= 
all 

- JD sin tj + +Grg, cos $’ (52) 

apl - = - JD cos $I - QGrg, sin IL’. 
ttati 

(53) 

From equations (52) and (53), we obtain 

ah cos l/i’ - 
?a+ 

+ sin +’ ag, = 0. 
all 

(54) 

The dimensionless temperature g1 of equa- 
tion (13) satisfies equation (54), when II/ z I//. 
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2.3. The boundary-layer momentun integral equa- 
tion in the circumferential ($) direction 

The integral equation is written as 

0 0 0 

_gdP,, a 
W 

- $Gr 
s 

g sin $’ dt (55) 

0 

where P,, is the value of P, at r = 6. 
We average both sides of equation (55) on a 

semi-circle, rj = 0 m n, to obtain the mean value 
of the boundary-layer thickness with reasonable 
accuracy [4]. We obtain the following equation 
denoting the averaged value by suffix m. 

From equation (53), we find 

= - $Gr(g,, sin I,!&. (57) 

Substitution of equation (26) with equation 
(42) into equation (56) yields the following rela- 
tion. 

$2 YE & Wg 1 6 sin V),. (58) 

The right-hand side ofequation(58) is obtained 
in the final form by substitution of equation (41). 
We may assume A’ % C/4D2, considering that 
g1 has a gentle gradient in the core region. 
Hence, we put in equation (41) 

A’ + & z A’ z 
PrleK 

21+1/m” 
Ret”” 6l’“. (59) 

4w 

The left-hand side of equation (58) is given 
by averaging equation (21) with the aid of 
expansion shown in equation (35). When A is 
neglected ($’ E II/), the following relation be- 
tween D and 6 is obtained. 

D6--2(m+l)/m - prl--K (4m’ - 1) 
- 

4m2(4m - 1) 

From equations (39) and (60), D and 6 are 
obtained as follows : 

log B = & [(m + 2) log (2m + 1) 

+ 9m log (2m - 1) - (5m + 2) log m 

-(3m -l)log(4m - 1) - (m + l)log(6m - I) 

-(7m + 9) log 2 + (2m + 1) log a - log p] (62) 

(63) 

log 8 = A[-mlog(2m + 1) 

+ (19m - 12)log(2m - 1) - (7m - 6)logm 

-(7m - 6)log(4m - 1) - mlog(6m - 1) 

-3mlog2 + 4mlogcl+ 2mlogP] (64) 

where 

2.4. Physical meaning of the parameter r 
The parameter r can be explained as 

r= inertia force 

body force 

The inertia force is represented by ReZ. We 
denote the body force by X. The combinations 
of inertia and body force in different secondary 
flow problems give different r as shown in the 
following. 

(1) In the present problem, the body force is 
represented by 

X w GrA’ - GrPr’ -XRelim g’/“‘. 

For turbulent flow, r is expressed by equa- 
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tion (65). For laminar flow, we put m = 1, 
K = 0, and obtain 

r = [Re3/Ra2]* 

where Ra = GrPr (Rayleigh number). 
(2) In a curved pipe, the centrifugal force caused 

by the mean velocity represents the body 
force. 

X - W;/R - Re2(a/R) 

where R is the radius of curvature of the pipe 
axis. Thus, we find r = R/u (the radius ratio). 

(3) In a pipe rotating around an axis perpen- 
dicular to its own axis [5], the body force 
causing secondary flow is the Coriolis force. 
We write X using a non-dimensional angular 
velocity c?j = 2a20/v as 

X - COW, N dRe. 

Hence, we find r = RelQ. 

we put m = 4. Though equation (66) is applic- 
able in rather low Reynolds number region for 
an ordinary pipe flow, the formula obtained for 
curved pipes agrees well with the experimental 
results in the wide range of Re/r”‘2 [4]. 

In fluids having Prandtl numbers of about 
unity, i.e. most gases, the temperature distri- 
bution follows closely the law of velocity distri- 
bution. Hence, we use the value m = 4 in the 
heat transfer analysis for such fluids. As the 
basis to give the heat flux at the wall, we derived 
the following simplified Nu, from the formula 
for a turbulent flow in the rather low Reynolds 
number region [4]. 

Nu, = 0.038 Re* Pr+. (67) 

According to the fact that I obtained by 
putting M = 4 covers a wide range of Re{rm12, 
the Nusselt number formula is also considered 
to cover a wide range of Re/r”12 when the fluids 

Table 1 

Re,/T”‘* 

Type 
of laminar turbulent 

body force 
(m = 1) ??I=4 m=5 

Density 
difference 

(RaRe)‘15 Re-25’“(GrPr+)20’” Re-42/‘3(Grpr0,6~j0/‘3 

Centrifugal 
force 

Re &I/R) R&/R)’ Re(a/R)2’5 

Coriolis 
force 

(Re 13)~ 

In all the secondary flow problems in a circular 
pipe, the resistance coefficient ratio A/& and 
the Nusselt number ratio Nu/Nr, are expressed 
in terms of Re/F’. The particular forms of 
Relrm12 for the different problems are shown in 
Table 1. 

When the turbulent shear stress at the wall is 
derived from the following Blasius’s formula 

1, = 0.316 Re-* (66) 

are gases. The formula obtained for curved 
pipes agrees well with the experimental results 
for air [4]. 

When we take the following formula 

A,, = 0.184 Re-+ (68) 

we put m = 5. The resistance formula based on 
the friction law of equation (68) is applicable in 
a very high Re/F12 region. 
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The formula of Nu, corresponding to equa- where 
tion (68) is Colburn’s formula, 

Nu 0 = O-023 R~z~“P~~‘~. (6% 

Since equation (69) is supported by many 
empirical data of liquids, it is suggested that the 

The Nusselt number is obtained by substi- 

formula based on equation (69) may be used for 
tuting equation (63) into equation (47). 

liquids in a practically important region of Nu = i?uPr Rem/b + 11 
_ll_l__ 

Re,/F”/2 [4]. prl-K _ Agm rl/Z(mn+l) 

2.5. Resistance coefficients and Nusselt numbers 
The resistance coefficient of a rotating pipe is 

obtained by substitution of equation (63) into 
equation (44) as follows : where 

A _ 4mZ - 2m - 1 6 
NW - m2~2m+l) . 

where 

The Nusselt number ratio becomes 

-=_ 

(75) 

(76) 

(771 

It should be noted that, when m = 4, a little 
correction is necessary on the value of tl in 
equation (15) to calculate the coefficient given 
by equation (71). The corrected value is c( = 0.305, 
while the original value is a = 0.3 16 according ’ 
to equation (66). This correction is made in 
order to make the coefficient of equation (16) 
with the widely recognized experimental result 
of r,,, [4]. We denote the original value of CL by 
a, in the following expression for the resistance 
coefficient ratio A/A, to discriminate it from 
the corrected value. 

l/m(m+l) 

We use the suffixes 4 and 5 to denote the value 
of m used in the calculation. When we set 
m = 4, from equations (66) and (67) we find 

c1 = 0.305 (thecorrected value), u = $0 = 0.038. 

From equation (70), we obtain 

The ratio j/&IO is shown in Fig. 3. The curve in 
Fig. 3 may be used to estimate the increase in 
the flow resistance in a wide range of Re/T’. 

From equation (75), we obtain for gases (PP 
z 1) 
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The ratio Nu,/Nu, is shown in Fig. 4. From 
equations (68) and (69), we find 

m = 5, a = 0.184, /I = 0.023, K = 0.4. 

The resistance coefficient is written as 

A5J’=@[’ +@ 1. (81) 

The ratio A,,/& which is expected to be valid 
for very large Re/r2’5 is shown in Fig. 5. 

0.1 1.0 IO 100 

fwr2 

FIG. 3. Resistance coefficient ratio (&/&,) vs. Re/P. 

0.1 I.0 IO IO0 

Re/r2 

FIG. 4. Nusselt number ratio for gases 

o I.3 

< ]Q 

x" 
I.1 "' ! " 

I.0 . 
I.0 10 100 1000 

Re/r2'5 

FIG. 5. Resistance coefficient ratio (lsil,) vs. Re/fZ5 

For Prandtl numbers larger than unity, in 
equation (75), we may put 

Pr’ --)[ 
Prl-K _ Ag, = ‘. 

Hence, we obtain the Nusselt number for liquids 
as 

Nu, Pr-0’4 = 0.028 $ (82) 

The ratio Nu,!Nu, is shown in Fig. 6. 

I.5 

I.4 

Q 1.3 

LD I.2 
s 

I.1 

I.01 
0.1 I.0 

*e/T2'5'o 

100 

FIG. 6. Nusselt number ratio for liquids. 

Figures 3,4,5 and 6 show that the increases in 
the flow resistance and the heat-transfer rate in a 
turbulent flow are not so remarkable as those 
found in a laminar flow [3]. 

The expressions of D and 6 are given as follows : 

(m = 4) 6, = 0*16O(Re/T’)-* (83) 

D, = 0.096 Re+ r-h (84) 

(m = 5) 6, = 0.098 (Re/r2’5)-* (85) 

D, = 0.070 Re* T-h (86) 

2.6. The effect of Coriolis force 
In order to obtain A( = tj - t+b’), in equation 

(53) we put 

q = 1, lj = 0, ap,Ia* = 0, II/' = -A. 

From equation (53), we obtain 

sin A = 
830 

(87) 



1198 WATARU NAKAYAMA 

The angle d is supposed to be small, therefore, When we put m = 4, equation (88) becomes 
we set sin A z A. We give the suffix 0 to the 
quantities obtained in the previous sections to A4 = 

0.147 

2.23 + Pr-* 
M (95) 

denote the zero-th order approximation for the 
Coriolis effect. Equation (87) is written as where 

(89) where 

(90) ,j,f= J&+13 (GrPr0.6)-11/13, 
(98) 

The physical meaning of M is given by The correction coefficient for &Jr, i4/,Io, 

M = Coriolis force due to secondary flow Nu, and Nu,/Nu, is given by 

body force l4 = 1 - o’0046 

By putting cos A z 1 and sin A z A, we find 
2.23 + Pr-* 

M. (99) 

The correction coefficient for 1, Jr, &/;C,, 
(91) Nu,Pr-“-4 and Nu,/Nu, is given by 

0.002 
Equation (91) is substituted into equation (58) 

c5 = I- 
251 + Pr-0’6 M’ 

(100) 

and -D is ehminated by using equation (39). 
Thus, the equation for 6 is obtained. The ex- Let us estimate [ for the following example. 

pansion is made as The data are given as follows : 
diameter of a nine 2a = 10 mm, 

6 = a,(1 + A6 + . ..). (92) 

After eliminating negligibly small terms, Ab is 
obtained as follows from equation (58). 

. . 
radius of rotation R = 50 cm. 
angular velocity UI = 523 radis (5000 revlmin), 
fluid is air (the mixed mean temperature is 
around 4O”C), 

Ad = 
rcmd 2m(6m - 1) temperature gradient along the pipe axis 

4(2m + 3) (4m2 - I) (4m - 1) 1 (93) 5 = 20”C/m, mean velocity W, = 20 m/s. 
The dimensionless parameters are found to be 

The correction coefficient for 1 and Nu is Re = 1.142 x 104, Gr = 1.53 x 105, r = 1.05 

obtained in the following form. x lo”, 

[=+A,. (94) 
Re/T’ = 1.04, J = 1.49 x 103, M = 1.33. 

The increase in Nusselt number is given by 

The coefficient [ is multiplied to the right- 
Nu/Nu, = 1.282. From equation (95), we find 

hand side of equations (70, 73, 75. 78). when the A, = 0.056 rad = 3.2 deg. 
effects of Coriolis force is taken into account. 
However, the value of [ is usually very close to 

The correction coefficient for L,JT, LJI,, 

unity as shown later. Thus, we may neglect the 
Nu 

4 
and Nu lNu 

4 0 
is 

effect of Coriolis force in many cases. i4 = 0998. 
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The results shows only 0.2 per cent reduction. 
The Coriolis force exerts little influence on 
L and Nu in turbulent flow, while a little in- 
fluence is expected in laminar flow [3]. 

2.1. Further remarks 

(1) 

(2) 

H 

In order to see the influence of the different 
factors explicitly, RelP”” is disintegrated 
into the following form. 
For gases (Pr z l), 

RelT2 _ R20/11 K25/11 w40/11 220/11 

x 1’ 
-15111 

For liquids, 

Re/r2’5 _ R30/13 w;42/13 060/13 230/13 

xv 
-18113 pr18/13 

In both cases, the effect of secondary flow 
increase remarkably with increase in angular 
velocity, and decreases with increasing mean 
velocity. 
When Ro2 in the definition of Gr is replaced 
by a gravitational acceleration (9.8 m/s2), 
the calculation up to equation (86) may be 
applied to the problem of turbulent heat 
transfer ina horizontal pipe. Theexperimental 
data in a horizontal pipe are found in 
the paper by Mori et al. [6]. The experiment 
was done by using air. One of the data points, 
for example, is taken at 

Re = 1,2 x lo4 

Gr = 440. 

The value of Gr is calculated from Ra = 38.5 
found in [6] which is based on the radius of 
the pipe a. These values give r = 2.32 x lo4 
and Re/T2 = 2.23 x lo-‘. It is clear that the 
effect of buoyancy is negligibly small. The 
velocity and temperature distributions ob- 
tained by experiment show little deviation 
from the symmetric turbulent flow and 
temperature profiles. The Nusselt number 
agreed with the formula for a symmetrical 
turbulent pipe flow. 

CONCLUSIONS 

Turbulent heat transfer in a pipe rotating 
around a parallel axis is studied theoretically 
on the assumption that flow and temperature 
fields are fully developed under the condition 
of constant wall temperature gradient. The 
following conclusive remarks are obtained. 

(1) A secondary flow is expected due to the 
density difference in a centrifugal field when 
a temperature distribution exists in a pipe. 
Velocity and temperature distribution dis- 
torted by a sufficiently large secondary flow 
can be analysed by the boundary-layer 
approximation near the wall. The axial mo- 
mentum balance equation and the energy 
balance equation are common to all the 
similar secondary flow problems caused by 
different kinds of body force. The particular 
equations for the present problem are the 
force balance equations in a cross section. 

(2) The resistance coefficient 1 and the Nusselt 
number Nu are expressed by use of an integer 
m which forms the exponents of Re in the 
formulae of Ao[-Re-““] and Nu,[w 
Re’“- 1)/m]. The formulae for J and Nu are 
obtained by setting m = 4 or 5. 

(3) The ratios L/A, and Nu/Nu, showing the 
increase in I and Nu due to secondary flow 
are obtained in terms of Re/F12, where r is 
the ratio of the inertia force to the body force. 
It is found that various parameters appearing 
in different secondary flow problems can 
generally be expressed by Re/r”” in either 
laminar region (m = 1) or turbulent region. 

The ratio A/A, obtained by setting m = 4 is 
considered to cover a wide range of Re/T2. 
The ratios Nu/Nu, are obtained in terms of 
ReJT2 for gases (Pr x 1) and Re/T2’5 for 
liquids (Pr > 1). These results, though experi- 
mental confirmation is necessary, are avail- 
able in the region of high rotational speeds 
where practical interests lie. The increases in 
I and Nu in turbulent flow are not so remark- 
able as those encountered in laminar flow 

[31. 



1200 WATARU NAKAYAMA 

(4) The effect of Coriolis force acting on a Engineering, University of Alberta, while the author held the 

flow is expressed in terms of M which post-doctoral fellowship. The author wishes to thank Prof. 

represents the ratio of the Coriolis force 
Y. Mori, Tokyo Institute of Technology, Japan, for his 

to the body force. However, this effect in 
suggestion of the present problem, and Prof. K. C. Cheng, 
University of Alberta, for his useful comments on the 

turbulent flow is so small that we may manuscript. 
neglect it in many cases. 

(5) The effect of secondary flow increases 
markedly with increase in the angular 
velocity, if we keep the other factors constant. l. 
The mean velocity has an inverse effect on 
A/A, and Nu/Nu, in turbulent flow, while 
these ratios increase positively with the 2. 
mean velocity in laminar flow [3]. 

(6) The results obtained by the present analysis 3. 
can be applied to a uniformly heated 
horizontal pipe if we replace the centrifugal 
acceleration in Gr by the gravitational 4. 

acceleration. However, the effect of buoyancy 
in turbulent flow is usually negligible as 5, 
Re/T’ is very small. The experimental data 
[6] show little influence of the secondary b, 
flow effect. 
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Resume-Le transport de chaleur turbulent dans un tuyau tournant autour d’un axe parallele avec une 
grande vitesse angulaire est etudie theoriquement en supposant un ecoulement secondaire effectif du 
a la difference de densite dans un champ centrifuge. Les champs d’ecoulement et de temperature, entierement 
etablis sous la condition d’un gradient de temperature parittale constante, sont analyses en les divisant en 
une region d’tcoulement central et une couche hmite mince le long de Ia paroi. L’analyse consiste de deux 
parties dans cet article. L’une est commune a differents problemes d’ecoulement secondaire, et I’autre dans 
laquelle les termes de force volumique apparaissent explicitement est particulitre au probltme actuel. 
Les formules pour le coefficient de resistance 3, et le nombre de Nusselt Nu sont obtenues en fonction de Re 
et de T(Re = nombm de Reynolds, F = force d’inertie/force volumique). On montre que les augmentations 
des valeurs de 1 et du Nu dues a l’bcoulement secondaire peuvent &tre exprimees en fonction du parametre 
Re/P’2 (m = 1 pour l’ecoulement laminaire, m = 4 ou 5 pour l’&coulement turbulent) que I’on trouve 
&tre un parambtre general pour differents problbmes d’ecoulement secondaires. L’effet de la force de Coriolis 

dfi a l’ecoulement secondaire est ntgligeable. 

Zusammenfassung-Der turbulente Wlrmeiibergang in einem Rohr, das um eine parallele Achse mit grosser 
Winkelgeschwindigkeit rotiert, wird theoretisch untersucht, wobei eine wirksame Zweitstriimung infolge 
von Dichteunterschieden in einem Zentrifugalfeld angenommen wird. 

Geschwindigkeits- und Temperaturfelder, die unter der Bedingung konstanter Wandtemperaturgradient 
en voll ausgebildet sind, werden nach ihrer Aufteilung in einem Strijmungskembereich und eine diinne 
Grenzschicht an der Wand analysiert. Diese Analyse besteht aus zwei Teilen. Einer ist gebrluchlich fur 
verschiedene sekundlre Stromungsprobleme und der andere, in dem die Ausdrticke ftir die Massenkraft 
exphzit auftreten, ist eigentiimlich ftir das vorliegende Problem. Die Gleichungen ftir den Widerstandsko- 
effienten I und die Nusselt-Zahl Nu l&en sich in Ausdrticken von Re und (Re-Reynolds-Zahl F = 
Tragheitskraft/Massenkraft.) 

Es zeigt sich, dass das Anwachsen der Werte von 1 und Nu auf Grund der Sekundlrstriimung in Form des 
Parameters ReK”” (m = 1 fur Laminarstromung, m = 4 oder 5 fiir turbulente Stromung) ausgedrtickt 
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werden kann. Dieser Parameter erweist sich als allgemein giiltig fur verschiedene SekundlrstrBmungs- 
probleme. Der Einfluss der Cariolis-Kraft infolge der Sekundlrstrijmung zeigt sich als vemachllssigbar 

klein. 

&UiOTIigESI-TeOpeTuwXn MaysaeTcH Typ6yneHTHbIi nepeHOC B Tpy6e, BpaIgaIOIgetiCR 

BOKpyr IIapaJIJleJIbHOtt OCEl C 6Onbnrolt yrJIOBOti CKOpOCTblO nyreM paCCMOTpeHHfi 3@$eK- 

TIlBHOrO BTOpUWOrO MOTOKa, 303nMMaromero Gnaronapn pa3nocru nnoTnocret B nearpo- 
6emnOM none. HCCJre~yrOTCn nOTOK U TeMnepaTypHbIe nOJIFI, noJIHOCTbI0 pa3BHTbIe npH 

~~CT~RHHOM rpaarrenre TeMnepaTypbr na crenne, nyTeM paagenenafi Mx na o6nacTM frnpa 
nOTOKa II TOHKOrO nOrpaHHYHOr0 CJIOR BAOJlb CTeHKII. B HaHHO# CTaTbe aHa COCTOPIT 

M3 HByX '4aCTelt. OXHa OTHOCHTCR K pa3JWlHnM npo6neMaM BTOpWlHOrO Te=IeHEIR, a BTOpaFI, 

B ~0~0p0ti wefibq onucnrsawnjae cKnb~, fiellcTByIoIgMe co c~0p0~bI Tena, noKBnHfoTcR B 

RBHOM Bmne, xapanrepna ~nrr nannot aanasu. Qopmyna nnx noa+#nnMenra conpoTM3aenMn 
h II Wrcno HyccenbTa Nu nonysenra B qncrrax Re II r (Re=wcno PetHonb~ca, r=csna 

wepgKH/cnna Tenna). Honaaano 9To ysennqeMMe nerrnqanht A n Nu Bnaronaprr nropMsnoMy 
nOTOKy MOHCeT 6nTb BblpaHteHO napaMeTpoM Re/P/z(m =l AJIR naMMnapHOr0 nOTOK+ II 

m =4 MJIM 5 Ann Typ6yJleHTHOrO nOTOKa), KOTOpbIi XBJIReTCH 061gHM napaMeTpOM AJIR 

paanwwarx 3aga9 c BTopnsHnma TeqeHnHMn. IIoKaaaHo TaKme, YTo a*+eKT CHJI~I 

ICopKonnca 6naronapR BTopnsHoMy noToKy npeHe6pewudo Man. 


